In high dimensional quantum communication networks, quantum frequency converter (QFC) is indispensable as an interface in the frequency domain. For example, Much QFCs have been built to link atomic memories and fiber channels. However, Almost all of QFCs work in two-dimensional space. It is still a key challenge to construct a high quality QFC for some complex quantum states, e.g., a high dimensional single-photon state that refers to a qudit. Here, we firstly propose a highdimensional QFC for orbital angular momentum-based qudit via sum frequency conversion with a flat top beam pump. As a demonstration, we realize quantum frequency conversions for a qudit from infrared to visible. Based on the qudit quantum state tomography, we get the fidelities are 98.29%, 97.42% and 86.75% for qudit in 2,3, and 5 dimensions, respectively. The demonstration is very promising for constructing a high capacity quantum communication network.
INTRODUCTION
Quantum frequency conversion enables us to change the colors of photons while maintaining its quantum properties [1] . Much quantum frequency converters (QFCs) have been built to connect two photons in the frequency domain based on nonlinear optical processes [2] [3] [4] [5] [6] [7] . For example, a polarization-insensitive QFC has been demonstrated to link an atomic ensemble and a photon in telecom [8] . Nevertheless, it is still a key challenge to construct a high quality QFC for some complex quantum states, e.g., a high dimensional (HD) quantum state [9, 10] .
A HD single quantum system, sometimes referred to qudit, widely existing in single atom [11] , photon [9, 10] , and superconducting quantum circuit [12] , has wide applications in quantum computations and communications, for example, the Grover search algorithm [11, 13] . In a photonic system, one of the widely used qudits is a photon state depicted by a spatial degree of freedom (DOF) i.e., orbital angular momentum (OAM)
L=0 c L |L [14] . During the last decades, many investigations have harnessed the unbounded dimensional of qudit in quantum information processing [9, 10, 15] . For example, in multilevel QKD systems, qudits show unique advantages not only in increasing information capacity but also in noise tolerance [16, 17] .
In quantum networks, quantum memories are indispensable. Most atomic based quantum memories operate in the visible wavelength [18] [19] [20] , while the fibers, channels connecting different quantum memories, usually work in the telecom band in order to minimize the transmission loss. Therefore, it is necessary for quantum communication networks to interface different systems by using a method of quantum frequency conversion. To date, almost all of QFCs serve as a qubit in a two-dimensional space [5] [6] [7] [8] ; it is still a key challenge to construct a high quality QFC for a qudit in a high dimensional space, for example, a QFC for an OAM superposition state of (|0 + |1 + |2 ) / √ 3, where |L refers to a state with a topological charge of L. The main difficulty is that usually the conversion efficiency (CE) of QFC strongly depends on the topological charge |L| (decreasing exponentially with |L| [2] [3] [4] [21] [22] [23] ). This drawback prevents us from building up a high fidelity interface between two photons in the different frequency domains. Some works try to balance conversion efficiency for different L, for example, using a short nonlinear crystal [24] , or optimizing input spatial profile [23] , however, it reduces the overall CE.
In this work, we first report on constructing a HD-QFC for an OAM qudit. The significant technique achieved is to use a flattop beam as a strong pump instead of a traditional Gaussian pump [2, 3, 25] . We find that the CE is insensitive to the topological charge of input states. As a demonstration, we realize quantum frequency conversion of a photonic qudit in dimensions of 2, 3, and 5 from infrared to visible, where the fidelities are 0.9829%, 0.9740%, and 0.8675%, respectively. Our method is suitable to a higher dimensional qudit. Also, the technique is valid for other wavelengths.
Results Fig. 1 shows a HD-QFC which converts a qudit from infrared to visible spectrum. Three parts are assigned to state generation (Fig. 1a) , conversion ( Fig. 1(b) ), and correction measurements (Fig.  1c) , respectively. The infrared heralded single photons are generated via the spontaneous parametric downconversion (SPDC) in a type-II quasi-phase-matching nonlinear crystal (PPKTP1). The infrared idler photon acts as a heralding signal detected by a superconducting nanowire single-photon detector (SNSPD); the signal photon is projected onto a spatial light modulator (SLM1) to prepare an arbitrary OAM qudit. The HD-QFC ( Fig. 1(d) ) acts as a coherent interface connecting the infrared and visible photon via sum frequency generation (SFG), which involves a strong classical beam with a flat top profile (E P , L=0), and a type-I quasiphase-matching nonlinear crystal (PPKTP2). During this process, the energy (ω P + ω I = ω V ), the momentum ( 
V,L represent the creating operations of infrared and visible OAM eigenstate |L ; ξ L is proportional to the product of pump and the secondorder susceptibility χ (2) . For an arbitrary eigenstate of a † {I,V },L |0 , the evolution of annihilation operations is given in Heisenberg picture:
Here, τ is the traveling time of the photon through the nonlinear crystal. The HD-QFC can be seen as a spatial BS for OAM states in frequency domain [26] , where we can regard cos 2 (ξ L τ ) and sin 2 (ξ L τ ) as the transmission probability of the photon with signal frequency and the reflectance probability of the photon with up-converted frequency, respectively. One should note that such a spatial BS is mode-dependent due to the fact that ξ L is dependent on L.
Generally, the CEs for different OAM eigenstates decrease exponentially with the increase of L [2, 21, 22] when the pump is a Gaussian beam. However, we find that this drawback can be overcame if one uses a flat top beam (FTB) as a pump. The FTB has a flat intensity profile in some well-defined region, and zero elsewhere:
Where w F T B is the width of the FTB. In our setup, a π-Shaper is used to shape a Gaussian beam to be a focused flat top beam , where we employ the Fourier-Bessel transform for an Airy disk:
[27]. Here J 0 (2πρ) is the first kind and zero oder Bessel function; I f 0 is the normalized factor.(details see in supplementary material). Fig. 2(a) shows the relationship between the power CE against the input pump power for OAM eigenstates |0 i , |1 i , and |2 i , where the insets are corresponding intensity distributions. In Fig. 2(a) , the power CE is proportional to the input pump's power. Therefore, one can calculate the average CE in a single-pass configuration (SPCE) (=P V /P I P P ): 0.37%/W, 0.42%/W, and 0.33%/W for the OAM eigenstate of L=0,1, and 2, respectively. On the contrary, the previous schemes with a Gaussian pump show big different CE among these eigenstates [2, 21, 23] , for example, 1.5%/W, 0.5%/W, and 0.3%/W for the same states, respectively [21] . The theoretical SPCE for two types of pumps can be calculated by the coupled-wave equations [28] (also see supplementary material). Both theory and experiments show the SPCE are nearly equal for three eigenstates in our scheme, which enable us to build a high-quality HD-QFC in a five-dimensional space. Fig. 2(b) depicts the coincidences between the infrared and visible photons, where the topologic charges of the input and projected states set to be -3 to 3 (see supplementary material for details of infrared source). For quantifying crosstalk, we calculate the visibility (= i C ii / i,j C i,j ) being 90.53(83.47)± 0.68% without (with) dark counts, where the errors are 1 standard deviations (std) assuming the data follows Poisson's distribution. Due to the mode-dependent collection efficiency in the projection measurement, the coincidence for higherorder mode decreases quickly. Nevertheless, one can construct a HD-QFC for a qudit consisting of several sym- metric low order modes, for example, a five-dimensional qudit. For a qudit defined in a subspace , an ideal output state after HD-QFC can be written as:
Usually, there are some relative phases e iφ L between different eigenstates due to mode dispersion [29] . For testing the existing phases, we perform projection measurements in SLM2 via scanning one of the phases to get coincidence interference curves, which should be given by
for an ideal qudit. For a two-dimensional state, the theoretical coincidence should be 1 + cos (φ L ); the visibility (=C M ax − C M in /C M ax + C M in ) could be up to 100%. Fig. 2(c) shows the experimental data for a two-dimensional state (|−1 + |1 ) / √ 2, where each of data is recorded per 60 s without the dark counts. The experimental visibility is 95.32±2.60% according to the solid fitted line, where the error bars represent 2 stds assuming coincidences follows Poisson's distribution. Fig. 2(d) is the situation of a three-dimensional qudit, where the visibility is 75.97± 4.58%. For a three-dimensional qudit, the theoretical visibility is 80%. Because of a basic phase between different modes [29] , the fitted line appears a very small shift. During the state preparation, we can move this small phase by adjusting the input phase hologram in SLM1.
We evaluate a photonic qudit in subspace via the qudit quantum state tomography (QST) [30] after HD-QFC, where we need to make a mode projectionmeasurement in the complete mutually unbiased bases (MUBs). For a qudit in the prime dimension, the used MUBs can be generated by a discrete Fourier transformation [31] :
Where j indexes the group of the MUBs; m indexes the superposed OAM states for each sets (also see the supplementary material for details). After loading the phase hologram of MUBs (Eq. 5) in SLM, we perform correction measurements between infrared and visible photons. Using the maximum-likelihood estimation method, we reconstruct the density matrix of a qudit, which is shown in Fig. 3 . Fig.3 (a) and (b) are the real and imaginary parts of the density matrix of the qubit state, where we perform QST in three-dimensional subspace Usually, we tend to calculate the fidelity by
] |j k|) and experimental density matrixes to evaluate the quality of the QFC. The fidelities without (with) dark counts are 98.29(95.02)±1.55%, 97.42(91.74)±1.11%, and 86.75(67.04)±1.80% for a two-, three-, and fivedimensional qudit. The theoretical fidelities of QFC with Gaussian and a flat top beam as a pump are summarized in the inserted table below Fig. 3 (see details in supplementary material). Because of the mode-dependent projection measurements, the fidelity for a five-dimensional qudit is a little low, which can be improved further via optimizing mode measurement and collections.
DISCUSSION
Employing the pump manipulating technology, we firstly build a high-quality HD-QFC connecting two photons in different colors. Using a focused flattop beam as a pump not only keeps the input beam profiles but also has a normal single-pass CE. In future, we can build a higher dimensional QFC to serve for high dimensional quantum communications. Here, we need to optimize the area of the flattop beam in the center of the nonlinear crystal. Also, the HD-QFC with a flat top beam pump maybe presents a unique advantage in image frequency conversion as it supports the more high-order spatial modes.
The current setup of HD-QFC is a single pass regime, and the overall CE is not high due to the low input pump power. Definitely, we can increase it by enhancement of the input power or amplification of the flattop beam in a special cavity [32] . Recently, some flattop beam-shaping technique and productions have been proposed to work in higher power [33, 34] .
